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ABSTRACT: 

Traffic-signal control systems coordinate individual traffic signals to achieve network-wide traffic 

operations objectives. These systems consist of intersection traffic signals, a communications network to 

tie them together, and a central computer or network of computers to manage the system. Coordination 

can be implemented through a number of techniques including time-base and hardwired interconnection 

methods. Coordination of traffic signals across agencies requires the development of data sharing and 

traffic signal control agreements. Therefore, a critical institutional component of Traffic Signal Control is 

the establishment of formal or informal arrangements to share traffic control information as well as actual 

control of traffic signal operation across jurisdictions. Signal coordination systems are installed to 

provide access. A traffic-signal system has no other purpose than to deliver favorable signal timings to 

motorists. The system provides features that improve the traffic engineer’s ability to achieve this goal. 

These are primarily access features. They provide access to the intersection signal controller for 

maintenance and operations. The more complete and convenient the access, the more efficient the 

operator will be and the more effective the system. In this paper, This traffic signal system is based on 

three colour signals, namely red, green and yellow. The red colour signal is used to stop the traffic and 

the green colour signal is used to moving of stopped traffic. The yellow colour signal indicates ready to 

move and it works prior to green signal.  
 

KEY WORDS : traffic signal system, environmental failure  
 

INTRODUCTION: 

Since, the system under consideration is of Non-Markovian nature, the supplementary variable technique 

has been used to mathematical formulation of system. State-transition diagram has shown in fig -1. 

Difference-differential equations for all the transition-states have been obtained. Laplace transform has 

been used to solve these mathematical equations. Availability and profit function of considered system 

have computed. Ergodic behaviour of the system and a particular case (when repairs follow exponential 

time distribution) have been obtained to improve practical utility of the model. A numerical example 

together with its graphical illustration has been also appended in the end to highlight important results of 

the study.      

 
Fig-1 (State-Transition Diagram 
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NOTATIONS USED: 

The following notations have been used throughout this model: 

 tP0  Pr {at time t, system is operable}.  

 tjPi ,  Pr { at time t, thi colour signal has failed }. Elapsed repair time lies in the 

interval  jj,  

 tzjPYi ,,  Pr {at time t, thi colour signal has failed while yellow colour signal is already 

failed}. Elapsed repair time for thi  colour signal lies in the interval 

 jj, while for yellow colour signal it lies in the interval  zz, . 

 tPEW  Pr {at time t, system is failed due to environmental reasons and is waiting for 

repair}.  

 tmPER ,  Pr {at time t, system is failed due to environmental reasons and is ready for 

repair}. Elapsed repair time lies in the interval  mm, . 

YGR //  Failure rate of red/green/yellow colour signal. 

21 ,ee  Failure rates due to environmental reasons. 

 ji  The first order probability that thi  failure will be repaired in the time interval 

 jj, , conditioned that it was not repaired up to time j. 

W  Waiting rate for repair in case of environmental failure.  

 sP  Laplace transform of function  tP . 

 jS i       .      ,.exp jandidjjj ii    

 

FORMULATION OF MATHEMATICAL MODEL: 

Probability considerations and limiting procedure yield the following set of difference-differential 

equations governing the behaviour of considered signal system: 
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BOUNDARY CONDITIONS ARE: 

   tPRtPR 0  ,0   …(9) 

   tPGtPG 0  ,0   …(10) 

   tPYtPY 0  ,0   …(11) 

   tzPRtzP YYR ,  ,,0   …(12) 

   tzPGtzP YYG ,  ,,0   …(13) 

   tPWtP EWER   ,0   …(14) 

 

INITIAL CONDITIONS ARE: 
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…(15) 

 

SOLUTION OF THE MODEL: 

Taking Laplace transforms of equations (1) through (14) subjected to initial conditions (15), we obtain: 

           



00

01 ,,1 dyysyPdxxsxPsPeYGRs GGRR     

                                       



00

,, dmmsmPdzzszP ERERyY   

 

 

…(16) 

  0,)( 












sxPxs

x
RR  

…(17) 

  0,)( 












syPys

y
GG  

…(18) 

       sPesPesPWs YEW 201   …(19) 

  0,)( 












smPms

m
ERER  

…(20) 

               ,,,,,
00

2 















dyyszyPdxxszxPszPzeGRs

z
GYGRYRYY 

 

…(21) 

       0,, 












szxPxs

x
YRR  

…(22) 

    0,, 












szyPys

y
YGG  

…(23) 

   sPRsPR 0  ,0   …(24) 

   sPGsPG 0  ,0   …(25) 

   sPYsPY 0  ,0   …(26) 

   szPRszP YYR ,  ,,0   …(27) 

   szPGszP YYG ,  ,,0   …(28) 

   sPWsP EWER   ,0   …(29) 

Now integrating equation (17) by using boundary condition (24) we get 

   
 

  )(),( 0


 dxxsx

R
R

esPRsxP


     

 

 

 



International Journal of Education and Science Research Review 
                     Volume-2, Issue-1                            February- 2015                             ISSN 2348-6457 

                    www.ijesrr.org                                                                            Email- editor@ijesrr.org 

www.ijesrr.org Page 94 
 

 

 
 

s

sS
sPRsP

R
R




1
 )()(  0   

or,  sDsPRsP RR  )()(   0               (say) 

 

…(30) 

Similarly, solving (18) by using (25), we have: 
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Again, integrating (20) subjected to (29), we get:  
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Simplifying equation (19), we have :  
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Now, integrating (22) by making use of (27), one may obtain: 
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Similarly, integrating (23) by using (28), we get: 
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Now, equation (21) may be written as by using relevant relations: 
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where,     sSGsSReGRsA GR  2  

By using (36), equations (34) and (35) gives: 

          ASsPYsRDsP YRYR 0)()(   …(37) 

and    ASsPYsGDsP YGYG 0)()(   …(38) 

In last, equation (16) gives on simplification: 
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Thus, finally we have the following Laplace transforms of various transition-state probabilities:  
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It is interesting to note that 

Sum  of equations (39) through (46) = 
s

1
 

…(49) 

 

ERGODIC BEHAVIOUR OF THE SYSTEM: 

By using final value theorem in Laplace transform, viz.,     PsPsLimtPLim
st
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(say), provided the 

limit on L.H.S. exists, one can obtain the ergodic behaviour of the system from equations (39) through 

(46) as follows:  
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A PARTICULAR CASE: 
 

 

WHEN ALL REPAIRS FOLLOW EXPONENTIAL TIME DISTRIBUTION  : 

In this case, we can obtain the Laplace transforms of various transition state probabilities from equations 

(39) through (46) by substituting    jandi
j
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 as follows: 
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AVAILABILITY OF CONSIDERED SYSTEM: 

We have   
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On taking inverse Laplace transform, we obtain:  
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where, 
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It is worth noticing that   10 upP  

Also,     tPtP updown 1  …(69) 

 

PROFIT FUNCTION OF THE SYSTEM: 

We know that the profit function is given by 
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where, 1C and 2C  are revenue per unit time and repair cost per unit time, respectively. So here, 
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 where, E has mentioned earlier. 

 

NUMERICAL COMPUTATION: 

For a numerical computation, let us consider the values: 

00.2.  ,00.7.  ,002.0  ,001.0  ,01.0  ,03.0  ,04.0 2121 RsCRsCeeYGR   and               t = 

0,1,2,-----. By using these values in equations (67) and (70), one can compute the table- (1) and (2).  
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Table-1 

t (t)Pup  

0 1 

1 0.93145 

2 0.86760 

3 0.80812 

4 0.75270 

5 0.70108 

6 0.65300 

7 0.60820 

8 0.56648 

9 0.52761 

10 0.49140 

 

Table-2 

t G(t) 

0 0 

1 05.75726 

  

3 13.9139 

4 17.3745 

5 19.4606 

6 23.1979 

7 25.6103 

8 27.7201 

9 28.5477 

10 30.1128 

 

 

RESULTS AND DISCUSSION: 
In this study, the author deals with the transit traffic signal system for evaluation of its ability measures. 

Failures due to environmental reasons have also taken into account to obtain better results. Laplace 

transform of various transition state probabilities, shown in fig-1, have been obtained. Availability 

function and profit function for considered system have computed. Long run transition state probabilities 

and a particular case, when all repairs follow exponential time distribution, have been also determined to 

improve practical utility of the model. A numerical computation has mentioned to highlight important 

results of the study. By using this numerical computation, One can compute the table-1 and 2. 
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